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A direct relation between two types of topological field theories, Chern-Simons theory and
BF theory, is presented by using “Generalized Differential Calculus”, which extends an ordinary
p−form to an ordered pair of p and (p + 1)−form. We first establish the generalized Chern-Weil
homomormism for generalized curvature invariant polynomials in general even dimensional mani-
folds, and then show that BF gauge theory can be obtained from the action which is the generalized
second Chern class with gauge group G. Particularly when G is taken as SL(2, C) in four dimen-
sions, general relativity with cosmological constant can be derived by constraining the topological
BF theory.
PACS numbers: 04.60.Ds,04.20.Gz
I. INTRODUCTION
In the last few years one of the most important progress
in quantum gravity is that deep relations between gravity
and the gauge fields have been further disclosed. In string
theory one seminal work is the proposed AdS/CFT
correspondence[1], which implies there might exist a gen-
eral duality between gravity theory and Yang-Mills the-
ory. On the side of loop quantum gravity, the replac-
ing of geometrodynamics by connection dynamics has
also shed light on the analogy of gravitational fields and
gauge fields[2]. In particular, there has been recently
much interest in the relations between topological field
theory and gravity[3, 4]. Besides the well known fact that
three dimensional gravity is simply a topological field the-
ory without local degrees of freedom[5], recent progress
shows that even in higher dimensions Einstein’s general
relativity and supergravity in Ashtekar formalism may
also be written as topological field theories with extra
constraints[6, 7, 8, 9, 10][22]. Since no pre-exiting met-
ric or other geometric structure of spacetime is needed
in the context of topological field theory, the advantages
of taking this framework as a starting point to explore
the background-independent quantum theory of gravity
have been revealed in the context of loop quantum grav-
ity from many aspects. Two remarkable programmes are
“state sum model” advocated by Crane and Yetter[3] and
“spin foam model” by Rovelli and Reisenberger[11]. In
both programmes such connections between gravity and
topological field theories allow one to apply the elegant
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quantization methods in topological quantum field theory
to quantum gravity. Furthermore, this formulation pro-
vides several features to realize the holographic principle
proposed by ’tHooft and Susskind at quantum mechani-
cal level[9, 10].
Two typical sorts of topological field theories are
Chern-Simons theory and BF theory[12, 13]. Both of
them are of the Schwarz type topological field theories
and have important applications in quantum gravity. In
particular one finds once Einstein-Hilbert action is writ-
ten as a BF theory with extra constraints, the behavior
of gravitational field on the boundary of spacetime can
be described by Chern-Simons theories after imposing
appropriate boundary conditions. This interesting inter-
section raises the question of whether these two kinds of
topological field theories have closer geometric relations.
In this paper, we propose an answer to this ques-
tion by using a “Generalized Differential Calculus” (see
Appendix)[14, 15]. The main assumption is to gen-
eralize the ordinary differential p−form to an ordered
pair of p and (p + 1)−form, and then treat the gauge
fields and their topological properties in the framework
of Generalized Differential Calculus. Using this Gener-
alized Differential Calculus, we first establish the gener-
alized Chern-Weil homomormism for generalized curva-
ture invariant polynomials in general even dimensional
manifolds (Section 2). Then we obtain the generalized
Chern-Simons term for BF theory in four dimensions.
This leads to a close relation between these two topo-
logical field theories of the Schwarz type. We also re-
derive the geometric properties for both P (M4, G) and
pseudo-Riemannian spacetime manifolds from the gen-
eralized topological field theory of BF type (Sections 3
and 4). In other words, we obtain both BF gauge the-
ories or BF gravity without matter from the action as
the generalized second Chern class with gauge group G
or SL(2, C) respectively. As a consequence, we find that
2GR with cosmological constant in the absence of matter
can be derived by a constrained topological field theory
(Section 5) related to holographic formulation [9].
II. CHERN-WEIL HOMOMORMISM IN
GENERALIZED DIFFERENTIAL CALCULUS
Let us consider a principle bundle P (M,G) and intro-
duce the generalized gauge fields in Generalized Differ-
ential Calculus on it. For the semisimple gauge group
G with Lie algebra g, a generalized g-valued connection
1-form field A is defined as a g-valued pairing of a 1-form
and a 2-form
A = (Ap, Bp)Tp = (A,B), Tp ∈ g, (1)
where A is the ordinary g-valued connection 1-form and
B the g-valued 2-form which is assumed as gauge covari-
ant under the gauge transformations in order to introduce
a generalized gauge covariant curvature F
F = dA+A ∧A
= (dA+A ∧A+ kB, dB +A ∧B −B ∧A)
= (F + kB, DB). (2)
It satisfies the generalized Bianchi identity:
DF = dF +A ∧ F − F ∧ A
= (DF, D2B) ≡ 0. (3)
In order to consider the topological invariants in the
framework of this Generalized Differential Calculus, let
us first briefly remind the properties of the curvature in-
variant symmetric polynomials on P (M,G).
Taking a connection 1-form A on the bundle, the cur-
vature 2-form is F = dA+A ∧ A. The curvature invari-
ant symmetric polynomial, say, for simplicity, P (Fm) is
a 2m-form on M
P (Fm) = P (F, · · · , F︸ ︷︷ ︸
m
) (4)
satisfying (a) P (F ) is closed, i.e.,
dP (Fm) = 0, (5)
(b) P (Fm) has topologically invariant integrals. Namely,
it satisfies the Chern-Weil homomormism formula:
P (Fm1 )− P (F
m
0 ) = dQ(A0, A1), (6)
where
Q(A0, A1) =
1∫
0
P (A1 −A0, F
m−1
t )dt, (7)
where A0 and A1 are two connection 1-forms, F0 and F1
the corresponding curvature 2-forms,
At = A0 + tη, η = A1 −A0, (0 ≤ t ≤ 1), (8)
the interpolation between A0 and A1,
Ft = dAt +At ∧At. (9)
Since P (Fm1 ) and P (F
m
0 ) differ by an exact form, their
integrals over manifolds without boundary give the same
results and Q(A0, A1) is called the secondary topological
class.
For the generalized connection A and curvature F in
Generalized Differential Calculus, it can be proved that
the generalized curvature invariant symmetric polyno-
mial, say, for simplicity, P(Fm) also satisfies the similar
closed condition and the generalized Chern-Weil homo-
mormism formula:
(i) dP(Fm) = 0, (10)
(ii) P(Fm1 )− P(F
m
0 ) = dQ(A0,A1). (11)
Let us now sketch the proof. For proving (i), it is
a straightforward consequence by using the generalized
Bianchi identity (3).
To prove (ii), let us take two distinct generalized con-
nections A0, A1 and the corresponding curvatures F0,
F1 on the bundle. Let
At = A0 + tη, η = A1 −A0, (0 ≤ t ≤ 1), (12)
and the corresponding curvature is
Ft = dAt +At ∧ At. (13)
It is easy to see that
d
dt
Ft = dη +At ∧ η + η ∧ At ≡ Dtη. (14)
Hence
d
dt
P(Fmt ) = mP(Dtη,F
m−1
t )
= mDtP(η,F
m−1
t ) = mdP(η,F
m−1
t ), (15)
Thus
P(Fm1 )− P(F
m
0 ) = d
∫ 1
0
P(A1 −A0,F
m−1
t )dt
= dQ(A0,A1). (16)
This shows that the generalized characteristic polynomi-
als with respect to different connections only differ by an
exact form in Generalized Differential Calculus. Namely,
they are also homomormism. Q(A1,A0) is called the
generalized Chern-Simons secondary class.
Thus, we have established the generalized Chern-Weil
homomormism for generalized curvature invariant poly-
nomials in any even dimensional manifolds. But, their
topological meaning should be as same as before.
3III. GENERALIZED CHERN-SIMONS TERM
FOR BF THEORY
Consider an action on the base manifold of P (M4, G)
of the form :
ST =
∫
M4
LT =
∫
M4
Tr(F ∧ F). (17)
The Lagrangian 4-form LT can be given by taking A1 =
A and A0 = 0 in (11), then
Tr(F ∧ F) = dQCS , (18)
QCS is the generalized local Chern-Simons 3-form, i.e.,
the pairing of a 3-form and a 4-form
QCS = Tr(A ∧ F −
1
3A ∧A ∧A)
= (Tr(A ∧ F − 13A ∧ A ∧ A+ kA ∧B),
T r(A ∧DB +B ∧ F + kB ∧B)).(19)
In the pairing, the 3-form is the usual Chern-Simons term
up to a kT r(A ∧B) term.
On the other hand, the generalized Lagrangian 4-form
in (17) is a pairing of a 4-form and a 5-form:
LT = Tr((F ∧ F + 2kB ∧ F + k
2B ∧B),
2 (F ∧DB + kB ∧DB)). (20)
Using the Bianchi identity, we can rearrange the 5-form
so that
LT = Tr((F ∧ F + 2kB ∧ F + k
2B ∧B),
d(B ∧ F + kB ∧B)). (21)
The first term is just the BF Lagrangian up to an F ∧F
term, the second term is a total derivative of the BF
Lagrangian.
Thus the pairing of the action (17) shows a relation be-
tween two types of topological field theories, the Chern-
Simons type and the BF type in four dimensions :
ST [A] =
∫
M4
LT =
∫
M4
dQCS
=
∫
M4
Tr
(
F ∧ F + 2kB ∧ F + k2B ∧B
)
.(22)
We can obtain the field equations by varying the La-
grangian with respect to the generalized gauge potentials,
i.e., the g-valued generalized connection 1-form. With
these generalized gauge potentials fixed at the boundary,
the field equations are
D(F + 2kB) = 0, (23)
k(F + kB) = 0. (24)
The second equation gives F = −kB which can be sub-
stituted into the first equation and leads to the Bianchi
identity. Note that we start up with any 2-form B
in the generalized connection. Then with the action
given by the generalized second Chern class, it gives
B = −(1/k)F . Therefore, the action (17) does not give
any dynamics.
However, it should be noted that with k = −1 all
geometrical properties of the bundle P (M4, G) are re-
derived from a generalized topological field theory of the
BF type with a generalized Chern-Simons term associ-
ated in Generalized Differential Calculus.
IV. GENERALIZED CONNECTION WITH
SL(2, C) GAUGE GROUP ON
PSEUDO-RIEMANNIAN MANIFOLD M4
Let us consider the tangent bundle T (M4) ≃
P (M4, SL(2, C)) on the base manifold (M4, g) as the
pseudo-Riemannian spacetime manifold with signature
sign(g) = −2. The sl(2, C) algebraic relation reads [23]:
[MAB,MCD] = ǫC(AMB)D + ǫD(AMB)C , (25)
where ǫC(AMB)D =
1
2 (ǫCAMBD + ǫCBMAD). The
Cartan-Killing metric ηpq = diag(η(AB)(MN)) is given by
η(AB)(MN) =
1
2 (ǫAM ǫBN + ǫAN ǫBM ). (26)
Since SL(2, C), the covering of the Lorentz group
SO(3, 1), is the gauge group of the bundle, we may in-
troduce an sl(2, C)-valued generalized connection 1-form
in the framework of Generalized Differential Calculus
A = (ωAB, BAB)MAB, (27)
where ωAB is an ordinary sl(2, C)-valued connection 1-
form on the bundle and BAB is an SL(2, C)-gauge co-
variant 2-form. Given the connection A, the generalized
curvature (F = FpTp = F
ABMAB) is given by
FAB = (RAB + kBAB, DBAB). (28)
where RAB = dωAB + ωAC ∧ ω
CB is the SL(2, C) cur-
vature 2-form. The generalized Bianchi identity is given
by
DFAB = (DRAB , D2BAB) ≡ 0. (29)
A simple generalized Lagrangian 4-form in (17) using this
connection A is
SSL(2,C)[A] =
∫
M4
LSL(2,C) =
∫
M4
FAB ∧ FAB
=
∫
M4
RAB ∧RAB + 2kR
AB ∧BAB + k
2BAB ∧BAB.
(30)
The field equations are obtained by varying the La-
grangian with respect to the sl(2, C)-valued generalized
4connection 1-form with fixed value at the boundary. This
leads to the field equations
D(RAB + 2kBAB) = 0, (31)
k(RAB + kBAB) = 0. (32)
The second equation gives RAB = −kBAB, which can be
substituted into the first and leads to the Bianchi iden-
tity. Therefore, as expected, the action SSL(2,C) does not
give any dynamics. Moreover, when k = −1, all proper-
ties in the pseudo-Riemannian geometry on (M4, g) are
recovered by the generalized topological field theories of
BF type in four dimensions.
V. GRAVITY AS A GENERALIZED
TOPOLOGICAL FIELD THEORY
Let us now consider pure gravity in four dimen-
sions. As in the previous section, the spacetime manifold
(M4, g) is pseudo-Riemannian with signature sign(g) =
−2 and the gauge group now is SL(2, C).
Note that the 4-form Bianchi identity (29), D2BAB =
0, looks similar to the identity D2(eAA
′
∧ eBA′) = 0,
where eAA
′
is the frame 1-form. Thus we may introduce
an ansatz BAB = l−2 eAA
′
∧ eBA′ , where l is a dimen-
sional constant. The sl(2, C)-valued generalized connec-
tion 1-form (27) now becomes[24]
A = (ωAB,
1
l2
eAA
′
∧ eBA′)MAB + c.c. (33)
We shall show that given the above generalized connec-
tion 1-form (33), the action of generalized topological
field theory type (30) becomes the Hilbert action with
cosmological constant plus an ordinary topological term.
If we vary this generalized topological field theory ac-
tion with respect to the introduced new variable eAA
′
, it
yields the Einstein equation with a cosmological constant
term.
Using the generalized connection 1-form (33), the gen-
eralized curvature is given by
F = (RAB+
k
l2
eAA
′
∧eBA′ ,
1
l2
D(eAA
′
∧eBA′))MAB+c.c.
(34)
In terms of this generalized curvature, the action (30),
with a change of variational variables from BAB to eAA
′
,
S[ωAB, ωA
′B′ , eAA
′
] =
∫
M4
Tr(F ∧ F) + c.c.
=
∫
M4
(RAB ∧RAB +
2k
l2
RAB ∧ eAA
′
∧ eBA′
+
k2
l4
eAA
′
∧ eBA′ ∧ eA
C′ ∧ eBC′) + c.c., (35)
gives the Einstein-Hilbert action with the cosmological
constant plus a topological term. Namely, General Rela-
tivity in the absence of matter is formulated as a gener-
alized topological field theory.
By varying with respect to ωAB, we obtain
D(eAA
′
∧ eBA′) = 0, (36)
which gives the equation for torsion-free. While by vary-
ing with respect to eAA
′
, we obtain
RAB ∧ eB
A′ +
k
l2
eAB
′
∧ eBB′ ∧ eB
A′ + c.c. = 0, (37)
which is the Einstein equation with a cosmological con-
stant Λ if we set Λ by Λ = k
l2
.
Alternatively, we can consider adding a constraint on
BAB as in [9]
S[Ap, λAB , e
AA′ ] =
∫
M4
FAB ∧ FAB
+λAB ∧ (
1
l2
eAA
′
∧ eBA′ −B
AB) + c.c.
=
∫
M4
RAB ∧RAB + 2kR
AB ∧BAB + k
2BAB ∧BAB
+λAB ∧ (
1
l2
eAA
′
∧ eBA′ −B
AB) + c.c., (38)
where λAB is the Lagrangian multiplier. The variational
principle leads to the same equation as (37).
In the last part of this section we note that as the cos-
mological constant, namely the constant k goes to zero,
the equation (37) does not necessarily hold any more. It
implies our generalization perhaps is only valid for the
cases with non-zero cosmological constant.
VI. DISCUSSION
In this paper, we have generalized the Chern-Weil
homomormism in Generalized Differential Calculus, as-
sociated the generalized Chern-Simons Lagrangian to
BF theories and re-derived geometrical properties of
P (M4, G) from a generalized topological field theory of
the BF type on four dimensions. We have also recovered
the properties of the pseudo-Riemannian manifold M4
from a generalized topological field theory of the BF type
and reformulated GR in the absence of matter as either a
generalized topological field theory or a constrained one.
For General Relativity, our approach starts with an
sl(2, C)- valued generalized connection which includes
the 2-form B fields. In a sense, this approach is simi-
lar to that of MacDowell-Mansouri [17], in which Gen-
eral Relativity is found as a consequence of breaking
the Sp(4) symmetry of a topological field theory down
to Lorentz group’s covering group SL(2, C) and intro-
duce the tetrad 1-form fields eAA
′
to parameterize the
coset Sp(4)/SL(2, C). However, our approach differs
from theirs. Instead of breaking the symmetry of a topo-
logical field theory, we start with the Lorentz group and
redefined a new generalized sl(2, C)-valued connection in
Generalized Differential Calculus. This directly leads to
a BF theory.
5In order to include the matter, there might be at least
two possibilities. The first may link with the Kaluza-
Klein formalism, since the gauge theories can be formu-
lated as Kaluza-Klein theories on Minkowski spacetime.
Therefore, it might be possible to deal with gauge the-
ories as generalized topological field theories in our ap-
proach. Of course, there should be certain restriction
to the dimensions of the gauge groups. Furthermore,
this approach might be generalized to fermions and Higgs
[16]. On the other hand, to generalize it to supergravity
might be another possibility. For instance, the General-
ized Differential Calculus may be generalized to super-
symmetric cases. Then, supergravity can be obtained by
gauging the OSp(1, 4) group with the generalized con-
nection.
It is interesting to see that the present formulation
only works for 4-dimensional BF theories with B a 2-
form field. On one hand, it is reasonable to establish the
relation between the Donaldson-Witten invariants in four
dimensions and the topological field theory such as the
BF type. On the other hand, however, especially for the
GR with cosmological constant, it seems amazing that
the dimensions of our nature is also four. If this formula-
tion could not be generalized to arbitrary higher dimen-
sions, whether this dimension four has more profound
meaning rather than just a coincidence. This question
has to be left for further study and inspiration.
Appendix: Generalized Differential Calculus
A generalized p-form [14][15],
p
a, is defined to be an
ordered pair of an ordinary p-form
p
α and an ordinary
(p + 1)-form
p+1
α on an n-dimensional manifold M , that
is
p
a≡ (
p
α,
p+1
α ) ∈ Λp × Λp+1, (39)
where −1 ≤ p ≤ n. The minus one-form is defined to be
an ordered pair
−1
a≡ (0,
0
α), (40)
where
0
α is a function onM . The product and derivatives
are defined by
p
a ∧
q
b≡ (
p
α ∧
q
β,
p
α ∧
q+1
β +(−1)q
p+1
α ∧
q
β), (41)
d
p
a≡ (d
p
α +(−1)p+1k
p+1
α , d
p+1
α ), (42)
where k is a constant. These exterior products and
derivatives of generalized forms satisfy the standard rules
of exterior algebra
p
a ∧
q
b= (−1)pq
q
b ∧
p
a, (43)
d(
p
a ∧
q
b) = d
p
a ∧
q
b +(−1)p
p
a ∧d
q
b, (44)
and d2 = 0.
For a generalized p-form
p
a= (
p
α,
p+1
α ), the integration
on Mp can be defined as usual by
∫
Mp
p
a=
∫
Mp
(
p
α,
p+1
α ) =
∫
Mp
p
α . (45)
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